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Variational study of two-impurity spin-boson model with
a common Ohmic bath: Ground-state phase transitions
Nengji Zhou1,2, Yuyu Zhang3, Zhiguo Lü4, and Yang Zhao2∗
By means of a trial wave function, the multi-D1 ansatz,
extensive variational calculations with more than ten
thousand parameters have been carried out to study
quantum phase transitions in the ground states of a two-
impurity system embedded in a common Ohmic bath of
bosons. Quantum criticality in both the impurity system
and the Ohmic bosonic bath is investigated with rele-
vant transition points and critical exponents determined
accurately. With the linear grid of the Ohmic spectral
density, our numerical calculations produce a much bet-
ter description of the ground states with lower energies
than other calculations employing a logarithmic grid
with a discretization factor far greater than unity. It of-
fers a possible solution to the considerable controversy
on the critical coupling in the literature. Moreover, the
ground-state phase transition is inferred to be of first
order in the presence of strong antiferromagnetic spin-
spin coupling, at variance with that in the ferromagnetic
regime or in the absence of spin-spin coupling where
the transition belongs to the Kosterlitz-Thouless univer-
sality class.
1 Introduction
Considerable attention has been devoted to open quan-
tum systems over the past decades [1–3]. A variety of
open quantum systems, together with associated quan-
tum dynamics and phase transitions, have been the sub-
jects of extensive numerical and analytical investigations
in a wide range of settings, such as the defect tunneling
in solids [4, 5], spontaneous emission in quantum optics
[6, 7], charge transfer processes in biological reactions
[8, 9], semiconducting quantum dots in nano-cavities
[10, 11], and quantum tunneling in superconducting cir-
cuits [12–14]. The spin-boson model (SBM) describes a
single two-level system, e.g., a spin-1/2 particle or a mag-
netic impurity, linear coupled to environmental degrees
of freedom represented by a continuous bath consisting
of bosonic field modes [15]. In spite of its apparent sim-
plicity, the system possesses multifaceted properties in
statics, dynamics, and quantum criticality, and has often
been used as a paradigmatic model for studying open
quantum systems.
There exists a ground-state phase transition in SBM
separating a nondegenerate delocalized phase from a
doubly degenerate localized phase, provided that the
coupling between the system and the environment can
be characterized by a gapless spectral function J(ω) =
2αω1−sc ω
s , where α denotes the dimensionless coupling
strength, ωc represents the high frequency cutoff, and
s is the spectral exponent [16]. The phase transition is
of second order in the sub-Ohmic regime (0 < s < 1),
and of the Kosterlitz-Thouless type in the Ohmic case
(s = 1). The latter can be realized in the context of
waveguide quantum electrodynamics by coupling a su-
perconducting qubit to a uniform Josephson junction
array [17–19]. In recent years, the transition boundary
and the critical exponents have been estimated by a va-
riety of approaches, such as the numerical renormaliza-
tion group (NRG), exact diagonalization (ED), variational
matrix product states (VMPS), quantum Monte Carlo
(QMC), and variational methods (VM) [20–26]. Numeri-
cal results of the critical couplings agree well in the deep
sub-Ohmic regime s < 0.5, but differ considerably in the
shallow one s > 0.5, let alone those in the Ohmic case
s = 1 due to the sensitivity of Kosterlitz-Thouless tran-
sition. Very recently, a variational approach based on a
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systematic coherent-state expansion has been used to
probe the ground-state properties of SBM at s = 1 [27].
Variants of the standard SBM have also been inten-
sively studied [25, 28–32]. The two-impurity SBM, for ex-
ample, is one of the prominent SBM generalizations, as
it is essential for studying quantum logical operations
involving two qubits in quantum computations [33–35].
In addition, the presence of a second impurity allows
us to address the interplay between quantum control
and dissipation represented by the spin-spin and spin-
bath interactions, respectively, giving rise to a much
richer phase diagram [36]. For the single-impurity SBM
with an Ohmic bath, the Kosterlitz-Thouless transition
point of αc ≈ 1 is generally accepted in the weak tunnel-
ing limit, which can be estimated by mapping onto the
anisotropic Kondo model with bosonization techniques
[1,16,37]. In contrast, the value ofαc for the two-impurity
SBM attached a common Ohmic bath is still under con-
tention. Specifically, αc = 0.5 was predicted variationally
in the absence of both bias and spin-spin coupling [38],
very different from αc ≈ 0.18 obtained in NRG calcula-
tions, 0.22 in QMC simulations, and 0.16 from nonequi-
librium quantum dynamics with a tunneling constant
of 0.025 [36, 39, 40]. Very recently, αc = 0.125 was ar-
rived at by means of the variational treatment based on a
new ansatz andmean-field approximation [41]. It follows
that an accurate determination of the transition point is
needed for the two-impuritymodel. More importantly, it
should be addressed whether the transition belongs to
the Kosterlitz-Thouless universality class in the presence
of the impurity-impurity coupling.
In previous studies on quantum phase transitions in
SBM, attention was mainly focused on the spin-related
observations, especially for the spontaneous magnetiza-
tion, a nature order parameter [24, 42–45]. The Bethe
Ansatz solution of the anisotropic Kondomodel, believed
to be equivalent to the Ohmic single-spin model, shows
that the spin coherence 〈σx〉 decreases monotonically
with the coupling α, and remains continuous and finite
at the Kosterlitz-Thouless transition. In contrast, a dis-
continuous reduction in the spin magnetization occurs
at the transition point αc from 〈σz〉 = 0 in the delocal-
ized phase to 〈σz〉 = −1 (or 1) in the localized phase [16].
Even under a tiny bias, however, the discontinuity in the
magnetization is replaced by a smooth crossover, which
may result in a significant reduction of the critical cou-
plingαc . Those results have been numerically confirmed
by applying the NRG and VM approaches to the spin-
boson model [27, 42]. For the two-impurity SBM, unfor-
tunately, small but finite bias values, e.g., 10−8ωc and
10−5ωc , were sometimes chosen to trigger the phase tran-
sition. Therefore, results such as αc ≈ 0.18 and 0.125 are
possibly underestimated [36, 41]. Moreover, the abrupt
jumps in themagnetization has not been reproduced nu-
merically in the absence of the bias. Beyond themagneti-
zation, the bath observables provide a direct observation
of the quantum criticality intrinsic to the environment
possessing many-body effects. The critical properties of
the sub-Ohmic bath have recently been explored with
the help of a variational approach in which the complete
spin-environment wave function of the ground state can
be determined [46]. However, whether they are good in-
dicators for phase transition detection in theOhmic SBM
remains an open issue.
In this paper, a numerical variational method (NVM)
is devised to study the ground-state phase transition of
the two-impurity SBM in a common Ohmic bath. Us-
ing the generalized trial wave function composed of
coherent-state expansions, which has been proven suc-
cessful in treating the ground-state phase transitions and
quantum dynamics of quantummany-body systems [29,
30,47–50], we systematically investigate the ground-state
energy, magnetization, and spin coherence as well as the
observables related to the Ohmic bath. The transition
point and critical exponents are accurately determined,
and phase diagram spanned by the spin-spin and spin-
bath couplings is identified, in comparison with those
obtained from NRG and QMC. The rest of the paper is
organized as follows. In Sec. 2, the two-impurity model
andNVM is described. In Sec. 3, the numerical results are
presented for the validity of NVM, quantum criticality of
the Ohmic bath, and phase diagram. Finally, they are dis-
cussed at length before drawing conclusions in Sec. 4.
2 Model and Method
For completeness and further reference, we first intro-
duce the standard Hamiltonian of SBM,
Hˆ = ε
2
σz −
∆
2
σx +
∑
k
ωk b
†
k
bk +
σz
2
∑
k
λk (b
†
k
+bk), (1)
where ε is an energy bias, ∆ denotes the bare tunnel-
ing amplitude, σx and σz represent the Pauli spin-1/2
operators, b†
k
(bk ) is the bosonic creation (annihilation)
operator of the k-th bath mode whose frequency is
ωk , and λk signifies the coupling amplitude between
the spin and environment. By dividing the phonon fre-
quency domain [0,ωc ] into M intervals [Λk ,Λk+1]ωc (k =
0,1, . . . ,M −1), we calculate the coupling strength λk and
bosonic frequency ωk in Eq. (1) with a coarse-grained
treatment of the continuous spectral density function
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J(ω)=∑k λ2kδ(ω−ωk ) [20,23,29,46,51],
λ2k =
∫
Λk+1ωc
Λkωc
d t J(t ), ωk =λ−2k
∫
Λk+1ωc
Λkωc
d t J(t )t . (2)
For convergence, we set the cutoff frequency ωc = 1. A
logarithmic discretization procedure with the parameter
Λk =Λk−M is usually adopted for the sub-Ohmic regime
(s < 1) presenting a second-order phase transition. How-
ever, in a more prominent case with Ohmic spectrum,
i.e., s = 1, the continuum limit Λ → 1 is required to
obtain an accurate quantum criticality of the Kosterlitz-
Thouless transition [38,42,51], whileΛ= 1.4∼ 2.0 is used
in earlier numerical works [27,36]. A linear discretization
procedurewithΛk = k/M is a possible alternative, for the
bosonic modes at different frequencies are equally im-
portant. Hence, unless noted otherwise the NVM results
presented here are obtained with the linear discretiza-
tion.
In this paper, we primarily aim to study the two-
impurity SBM for which the Hamiltonian is given by
Hˆ = ε
2
(σz1+σz2)−
∆
2
(σx1 +σx2 )+
∑
k
ωk b
†
k
bk
+ σ
z
1 +σz2
2
∑
k
λk (b
†
k
+bk )+
K
4
σz1σ
z
2, (3)
where the subscripts of σi (i = 1,2) correspond to qubits
1 and 2, and K is the Ising-type qubit-qubit interaction.
First of all, a simple case in the absence of bias and spin-
spin interaction K = ε= 0 is investigated for understand-
ing the ground-state quantum phase transition in the
Ohmic environment. The transition point is determined
accurately, and critical properties of the Ohmic bath are
identified. After that, both the ferromagnetic (K < 0) and
antiferromagnetic (K > 0) situations as well as the biased
cases (ε> 0) are studied, and the phase diagram is given
in Subsection 3.3.
As one of successful approaches that enables direct
access to the ground-state wave function, the variational
method has recently been adopted to study SBM, where
the form of the trial wave function plays a vital role in
obtaining the ground state [29,42,46]. In this work, a sys-
tematic coherent-state expansion, termed as the “multi-
D1 ansatz”, is used as the variational ansatz, which has
been proved to be efficient in tackling the ground-state
phase transitions and quantum dynamics of SBM and its
variant [29,30,48],
|Ψ〉 = | ↑↑〉|B↑↑〉+ | ↑↓〉|B↑↓〉+ | ↓↑〉|B↓↑〉+ | ↓↓〉|B↓↓〉
= | ↑↑〉
N∑
n=1
An exp
[
M∑
k=1
(
fn,k b
†
k
−H.c.
)]
|0〉b
+ | ↑↓〉
N∑
n=1
Bn exp
[
M∑
k=1
(
gn,k b
†
k
−H.c.
)]
|0〉b (4)
+ | ↓↑〉
N∑
n=1
Cn exp
[
M∑
k=1
(
hn,k b
†
k
−H.c.
)]
|0〉b
+ | ↓↓〉
N∑
n=1
Dn exp
[
M∑
k=1
(
pn,k b
†
k
−H.c.
)]
|0〉b,
where | ↑↑〉|B↑↑〉 represents one of the bases in the ansatz,
H.c. denotes Hermitian conjugate, ↑ (↓) stands for the
spin up (down) state, and |0〉b is the vacuum state of the
bosonic bath. The variational parameters fn,k , gn,k , hn,k ,
and pn,k represent the displacements of the coherent
states correlated to the spin configurations | ↑↑〉, | ↑↓〉, | ↓↑
〉, and | ↓↓〉 respectively, and An , Bn , Cn , and Dn are
weights of the coherent states. The subscripts n and k
correspond to the ranks of the coherent superposition
and effective bath mode, respectively.
Recently, it has been reported that the variational
treatment based on Silbey-Harris ansatz fails for the
ground-state phase transition of SBM, since the imposed
constraints fn,k = −pn,k and An = Dn are broken in the
localized phase or the biased case [24, 42, 52]. Here the
multi-D1 ansatz goes beyond that of Silbey and Harris.
Moreover, the number of the flexible variational param-
eters is much larger than that in Silbey-Harris one and
its recent extension [30]. For example, it has more than
12 000 variational parameters if M = 500 and N = 6. The
sophistication of the trail wave function ensures it is pos-
sible to obtain an accurate description of the ground
state around the transition point, for the existence of
huge quantumfluctuations and entanglements in the en-
vironment, though the variational procedure becomes
quite difficult.
Numerical variational method (NVM) is then utilized
to search for the ground state by minimizing the system
energy E with respect to variational parameters.With the
multi-D1 ansatz defined in Eq. (4) at hand, E = H /N
can be calculatedwith theHamiltonian expectationH =
〈ψ|Hˆ |ψ〉 and normof thewave functionN = 〈ψ|ψ〉. A set
of self-consistency equations are then derived
∂H
∂xi
−E ∂N
∂xi
= 0, (5)
where xi (i = 1, 2, · · · , 4N M+4N ) denotes any variational
parameter. For each set of the model parameters, more
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O
ri
g
in
a
l
P
a
p
e
r
N.J. Zhou et al.: Variational study of two-impurity spin-boson model with a common Ohmic bath: Ground-state phase transitions
than 100 initial states are used with different (An , Bn , Cn ,
and Dn) uniformly distributed within an interval [−1,1],
and ( fn,k , gn,k , hn,k , and pn,k ) obeying classical displace-
ment law ±λk/ωk . Meanwhile, the simulated annealing
algorithm is employed in variational calculations in or-
der to escape from metastable states. The termination
criterion of the iteration procedure is max{x∗
i
− xi } < 1×
10−10. Thus, one can obtain the ground-state solution
|Ψg〉with the minimum energy Eg. The reader is referred
to Section 1 of Supporting Information for more details.
Besides the ground-state energy Eg as well as spin co-
herence andmagnetization 〈σx,z〉 = 〈Ψg|σx,z |Ψg〉, the ob-
servables related to the Ohmic bath defined in Section 2
of Supporting Information are also evaluated as indica-
tors to characterize ground-state phase transition for the
two-impurity model, including the variances of phase
space variables ∆Xb and ∆Pb, the correlation functions
CorX and CorP, renormalized tunneling ∆r , and average
displacements and coherent-state weights f¯k , p¯k , A¯, and
D¯ [27,46].
Finally, convergence tests of variational results are
performed against the numbers of effective bath modes
M and coherent-superposition states N . A linear dis-
cretization procedure is used in this work for the Ohmic
spectrum with s = 1. The results in Section 3 of Support-
ing Information show that M = 500 and N = 6 are suf-
ficient in NVM to rebuild the ground state of the two-
impurity model. Therefore, main results are presented
with this setting unless noted otherwise.
3 Numerical results
3.1 Validity of variational calculations
Using large-scale NVM simulations, we study the ground-
state phase transition of the two-impurity SBM in the
Ohmic regime, and compare our results with those from
exact diagonalization (ED) [23, 29]. As the ED technique
is CPU-time andmemory consuming, we adopt the loga-
rithmic discretization (instead of the linear one) in the
ED procedure, together with a discretization factor of
Λ = 2. Considering the constraint of available computa-
tional resources, an effective bath-mode number of M =
12 and a bosonic truncated number of Ntr = 4 are used
here. Without loss of generality, we focus on the case of
K = ε= 0, ∆= 0.025, and s = 1.
Fig. 1(a) shows the ground-state energy Eg as a func-
tion of the coupling strength α. For the α values con-
sidered here, the ground-state energies of NVM and ED
are almost the same with a logarithmic grid, but slightly
-0.2 0 0.2 0.4
α
-1
-0.8
-0.6
-0.4
-0.2
Eg
ED with log grid
NVM with log grid
NVM with linear grid
0.1 0.2 0.3 0.4
α
-0.6
-0.4
-0.2
0
ED
NVM
s=1, ∆=0.025
K=0, ε=0
∂2Εg
∂ α2
       
(a)
0 0.1 0.2 0.3 0.4 0.5 0.6
α
-1
-0.8
-0.6
-0.4
-0.2
0
〈σ
z
〉
ED with log grid
NVM with log grid
NVM with linear grid
ED with bias
s=1, ∆=0.025, Κ=0
(b)
Figure 1 The ground-state energy Eg in (a) and magnetiza-
tion 〈σz〉 in (b) of the Ohmic two-impurity SBM with s = 1 as
a function of the coupling strength α at ε = K = 0 and ∆ =
0.025. The numbers of effective bath modes and coherent-
superposition states (M = 500,N = 6) and (M = 30,N = 12)
are used for NVM with linear and logarithmic grids (Λ = 2),
respectively. The truncated number Ntr = 4 is set in the exact-
diagonalization (ED) procedure. In the inset of (a), the second
derivative of Eg is shown for ED and NVM, and an exponen-
tial fit is presented with the dashed line. In (b), a bias case of
ǫ= 10−4 is given with stars.
higher than that ofNVMwith a linear grid. It is concluded
that in the Ohmic regime the linear discretization yields
a better approximation to the ground state with lower en-
ergy than the logarithmic discretization with Λ = 2. It is
our belief that both NVMand ED approaches become ex-
act in the continuum limit Λ→ 1, though the latter can-
not be achieved with computational resources currently
available. In the inset of Fig. 1(a), the second derivative
of Eg is plotted for further comparison. There is agree-
4 Copyright line will be provided by the publisher
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α
0
0.1
0.2
0.3
〈σ
x
〉
ED with log grid
NVM with log grid
NVM with linear grid
0.2 0.4
α
0
1
2
ED
NVM
s=1, ∆=0.025, Κ=0
slope = 3.83
∆/〈σ
x
〉
(a)
0.08 0.1 0.12 0.14 0.16
α
-0.33
-0.3
-0.27
-0.24
Eg
VM1
VM2
NVM
0.1 0.12 0.14 0.16
α
0.2
0.3
0.4
0.5
〈σ
x
〉
s=1, ∆=0.1
ε=10−5, Κ=0
(b)
Figure 2 (a) The spin coherence 〈σx〉 obtained by ED and
NVM against the dissipation α at ε = K = 0, s = 1, and ∆ =
0.025 for the linear and logarithmic discretization (Λ= 2). The
criterion 〈σx〉 =∆/ωc is plotted with the dash-dotted line, and
∆/〈σx〉 is shown in the inset. (b) The ground-state energy Eg
and spin coherence 〈σx〉 obtained from different variational
works, i.e., VM1 in Ref. [38], VM2 in Ref. [41], and NVM in this
work, in the biased case of ε = 10−5, s = 1, K = 0, and ∆ =
0.1. A sharp kink of spin coherence is marked by the arrow.
ment between solid squares (ED) and pluses (NVM), and
we obtain an exponential behavior of ∂2Eg/∂α
2 by fitting
the data to y = a exp(−bx), yielding a decay exponent of
b = 23.2(2) and a rootmean square error (RMSE) of about
0.01 (0.02) for NVM (ED). This lends support to a quan-
tum phase transition of the Kosterlitz-Thouless type for
the two-impurity SBM in the presence of an Ohmic bath,
as there is no discontinuity in derivatives of Eg of any or-
der. By the discontinuity wemean the size of the jump far
exceeds RMSE.
In addition, magnetization 〈σz〉 as a function of α cal-
culated by ED (NVM) is depicted in Fig. 1(b) with cir-
cles (squares for log grid and triangles for linear grid).
For simplicity, only one branch of the doubly degen-
erate ground states is presented for 〈σz〉 ≤ 0, and the
other can be obtained easily by projecting the opera-
tor Px = σx exp(iπ
∑
b†
k
bk ) onto |Ψg〉. In these curves,
abrupt jumps from 〈σz〉 = 0 to −1 occur exactly at the
Kosterlitz-Thouless transition, same as in the single-spin
SBM [16]. The transition point αc ≈ 0.32 of NVMwith lin-
ear grid is then located by the discontinuity, greater than
αc ≈ 0.26 from ED and 0.20 from NVM with both meth-
ods using a logarithmic discretization factor of Λ = 2. In
a biased case, e.g., ε= 1×10−4, the sharp transition is soft-
ened to a smooth crossover, consistent with the results in
Refs. [27,38,42].
The spin coherence 〈σx〉 as a function of α is also in-
vestigated for ED and NVM in Fig. 2(a). The NVM coher-
ence for both the logarithmic and the linear grid exhibits
a monotonic, smooth decrease, while that of ED mani-
fests a strong suppression in the entire α range. A sud-
den drop to zero is found for the ED coherence when
α ≥ αc, at variance with the prediction that the coher-
ence should be a continuous function of α retaining a fi-
nite value ∆/ωc at the Kosterlitz-Thouless transition in
the presence of an Ohmic bath [16, 27]. With this cri-
terion, the NVM critical point of αc ≈ 0.3 is indicated
by the intersection of the triangles and the dot-dashed
line, close to that obtained from the NVMmagnetization
curve in Fig. 1(b). In the inset, ∆/〈σx〉 calculated by NVM
exhibits linear behavior conforming to the expression of
∆/〈σx〉 = (2α− 1)ωc obtained via the Bethe Ansatz solu-
tion for the single-spin model [16], although our slope is
3.83(3). In contrast, the ED result deviates from the linear
relation substantially, suggesting that the convergence is
not reached with a truncated number of Ntr = 4.
To further confirm the validity of NVM, we compare
our variational results based on themulti-D1 ansatz with
those from other variational studies, named as “VM1"
[38] and “VM2" [41] for convenience, in which the Silbey-
Harris ansatz and its extension were utilized in combi-
nation with unitary transformations with variational pa-
rameters. In Fig. 2(b), a biased case with ε= 1×10−5, K =
0, ∆ = 0.1, and s = 1 is considered. Shown in Fig. 2(b) as
functions of α are the ground-state energy Eg and the
spin coherence 〈σx〉 calculated by VM1 (circles), VM2
(stars), and NVM (triangles). The NVM result has lower
ground-state energy and larger spin coherence, implying
that the ground state obtained by our ansatz is indeed
the most accurate among the three. Moreover, the arrow
in the inset indicates a kink in 〈σx〉 calculated by VM2,
against the usual expectation that 〈σx〉 decays monoton-
Copyright line will be provided by the publisher 5
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Eg
〈σ
z
〉
〈σ
x
〉
K=0, ε=0
s=1, ∆=0.025
α=0.292
Figure 3 Time evolution of the ground-state energy Eg, mag-
netization 〈σz〉, and spin coherence 〈σz〉 for the coupling
strength α= 0.292 at ε=K = 0, s = 1, and ∆= 0.025, where
t denotes the number of iterations.
ically and smoothly around the Kosterlitz-Thouless tran-
sition [27]. The increase of the spin coherence as α goes
above 0.14 is counterintuitive, since strong environment-
induced dissipation will destroy the quantum entangle-
ment that preserves the spin coherence.
In fact, numerous metastable states exist in the vicin-
ity of the ground state around the Kosterlitz-Thouless
transition. Taking α = 0.292 as an example, time evolu-
tion of Eg, 〈σz〉, and 〈σx〉 is presented in Fig. 3. A huge
change in the magnetization appears from 〈σz〉 = −0.85
(a metastable state) to 0 (the ground state), while the
decrement in Eg (or the increment in 〈σx〉) is only a pal-
try amount of 3×10−7 (3×10−5). Usually, one can use the
trapped time τ to characterize the metastability, which is
related to the typical barrier height ∆E as lnτ ∼ ∆E/kT .
Here the effective temperature T depends upon the re-
laxation factor t = 0.1 in our variational iteration pro-
cedure. Due to a complex energy landscape, there are
many metastable states. It follows that a certain high ac-
curacy in computation is required to capture the ground
state, beyond what can be afforded by the usual numeri-
cal methods in recent studies [36, 38–41]. If a metastable
state is mistaken as the ground state, the critical point
is underestimated substantially, such as the biased ED
results presented in Fig. 1(b). However, a non-zero bias
value of 10−8ωc is considered in previous NRG calcula-
tions [36]. To the best of our knowledge, the metastable
states of the two-impurity models near the Kosterlitz-
0.1 0.2 0.3 0.4 0.5
α
10-5
10-4
10-3
10-2
10-1
100 ∆ 〈B↑↑|B↓↓〉
CorX
-CorP
∆Xb∆Pb-1/4
0.1 0.2 0.3
α
0
0.02
0.04
0.06
∆
r
/∆
slope=27.2
α
c
=0.316(8)
K=0, ε=0
s=1, ∆=0.025
Figure 4 The correlation between two bases ∆〈B↑↑|B↓↓〉, cor-
relation functions CorX and −CorP , and departure from the
minimum uncertainty, ∆Xb∆Pb −1/4 are shown with respect
to the coupling strength α. Dashed lines represent exponen-
tial fits. In the inset, the renormalized tunneling ∆r /∆ is given.
Thouless transition are discussed here for the first time,
made possible only by the accuracy of the ground state
obtained by our numerical calculations. In the iterative
process of NVM in this work, the system always gets
trapped inmetastable states in theα range of [0.28, 0.35].
To eliminate the inaccuracy due tometastable states near
the quantum transition, additional hundreds of samples
are then needed to achieve the true ground state, for each
set of themodel coefficients (α, ∆, ε, and K ). In addition,
some data from the metastates have to be discarded ac-
cording to the criterion that the absolute value of 〈σz〉
monotonically increases with α, and the sharp jump in
〈σz〉 is unique.
3.2 Quantum criticality of the Ohmic bath
In this subsection, we systematically study the ground-
state properties of the Ohmic bath for the Kosterlitz-
Thouless transition. Fig. 4 displays α-dependent, bath-
related observables, as defined in the Sec. 2 of Supporting
Information, which include the correlation between two
bases 〈B↑↑|B↓↓〉, renormalized tunneling ∆r, the correla-
tion functions CorX and −CorP, and a measure of devia-
tion from the uncertaintyminimum,∆Xb∆Pb−1/4. Note
that for clarity only the bath mode with the lowest fre-
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Figure 5 The variances of the phase space variables deviat-
ing from the equal uncertainty ∆Xb = ∆Pb = 1/2 for different
coupling strengthes α on a log-log scale at ε = K = 0, s = 1,
and ∆= 0.025. The dashed lines show power-law fits.
quency ωk=0 is considered here for the variance of the
phase space variables, and two bath modes with l = 0
and k = 1 for the correlation functions. In the delocalized
phase (small α), the correlation 〈B↑↑|B↓↓〉 scaled by the
factor ∆ quickly decays as α increases, and the curve is
fitted using the dashed line of 〈B↑↑|B↓↓〉 ∝ exp(−27.2α).
In the localized phase (large α), however, it gradually in-
creases. As the basis correlation is the main component
of the coherence correlation 〈σ1xσ2x〉, the nonzero value
of 〈B↑↑|B↓↓〉 suggests that these two spins have strong
correlation in the localized phase under the influence of
the common Ohmic bath, though 〈σ1x〉 and 〈σ2x〉 vanish.
The transition point αc = 0.316(8) is then determined ac-
cording to the sudden jump of 〈B↑↑|B↓↓〉. An exponential
damping of −CorP is found for α < αc with the slope be-
0.01 0.1 1
ωk
10-8
10-6
10-4
10-2
100
CorX α=0.05
α=0.10
α=0.315
α=0.316
α=0.40
α=0.45
slope=0.500
slope=0.445
K=0, ε=0
s=1, ∆=0.025
(a)
0.01 0.1 1
ωk
10-8
10-6
10-4
10-2
-CorP
α=0.10
α=0.15
α=0.315
α=0.32
α=0.40
α=0.45
slope=1.50
K=0, ε=0
s=1, ∆=0.025
(b)
Figure 6 The correlation functions CorX in (a) and −CorP in
(b) between two bath modes as a function of the bosonic fre-
quency ωk for different values of α on a log-log scale. Other
parameters ε = K = 0, s = 1, and ∆ = 0.025 are set. And
dashed lines represent power-law fits.
ing comparable with that of 〈B↑↑|B↓↓〉. In contrast, there
are increases in the correlation function CorX and the de-
viation from the uncertainty minimum, ∆Xb∆Pb − 1/4.
For α > αc , however, the correlation functions CorP and
CorX vanish, and so does the departure of the uncertainty
from 1/4. It is inferred that the bath modes in the lo-
calized phase are independent, and behave as a single-
coherent state where ∆Xb = ∆Pb = 1/2. In the inset, the
decay of ∆r /∆ is displayed against the coupling α, ap-
proaching to zero around the transition point αc ≈ 0.3,
consistent with the usual expectations.
In Fig. 5, the offsets 2∆Xb − 1 and 1− 2∆Pb are plot-
ted with respect to the frequency of the bathmodeωk for
various couplings α. In Fig. 5(a), perfect power-law de-
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cay is found in 2∆Xb − 1 for α = 0.315 (top blue curve)
with a critical exponent of 1.00(1). A scaling property of
∆Xb = 0.0025/ωk + 1/2 is then uncovered with a power-
law fit. For cases of weaker coupling, such as α = 0.05
and 0.1, almost parallel curves are found slightly below
(and qualitatively similar to) that of α = 0.315. For cou-
pling strengthes larger than αc = 0.316(8), e.g., α = 0.40
and 0.50, 2∆Xb − 1 becomes negligibly small, signaling
∆Xb = 1/2 in the localized phase. Similar power-law de-
cay of 1− 2∆Pb is found in Fig. 5(b) for α < αc , where
the top curve corresponds to α = 0.10. An exponent of
1.83(2) can be obtained from the slope. If α > αc , such
as α = 0.32,0.40, and 0.50, both 1− 2∆Pb and 2∆Xb − 1
increase with the frequency if ωk <ω∗, followed by level-
ing off in the high-frequency regime (i.e., ωk > ω∗) with
a characteristic scale of ω∗ ≈ 0.1. The similar nonmono-
tonic behavior was also reported for the ground-state
transition in the sub-Ohmic single-spin SBM [46].
We next investigate the frequency dependence of the
correlation functions CorX and −CorP defined in the
Supporting material “Sec. 2 Observables related to the
Ohmic bath”, where the lowest-frequency bosonic mode
l = 0 is fixed for convenience. As presented in Fig. 6,
CorX and −CorP behave quite similarly with ∆Xb and 1−
2∆Pb, respectively, with exponents values of 0.500(3) and
1.50(2). It follows that CorX ∼ 1/pωk and CorP ∼−1/ω3/2k
in the delocalized phase, while in the localized phase
both of them become negligible. The vanishing value of
the correlation function at any ωk further supports that
bathmodes are independent of each other, despite being
coupled to two impurities simultaneously. It seems that
our multi-D1 ansatz is capable to capture quantum en-
tanglement properties built into the Ohmic bath in both
the delocalized and localized phase.
To better understand the critical properties of the
Ohmic bath, we now turn our attention to the wave
function of the ground state. The average coherent-state
weights and bosonic displacements are calculated with
Eqs.(21-22) in the supporting file. Circles and triangles
shown in Fig. 7(a) denote the displacement coefficients
f k and pk respectively, for the coupling strengths α =
0.05,0.316, and 0.45 from top to bottom, corresponding
to the delocalized phase, transition point, and localized
phase, respectively. In the upper panel, the vanishing
value of f k + pk marked by the solid line manifests that
the antisymmetry f k = −pk develops naturally in the
delocalized phase. At transition point, however, sponta-
neous symmetry breaking occurs in the low-frequency
regime. The good coincidence of circles and triangles pre-
sented in the lower panel shows a symmetrical relation
f k = pk in the localized phase, contrary to the constrain
-0.2
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0.01 0.1 1
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α=0.45
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α=0.316
transition point
(a)
0 0.1 0.2 0.3 0.4 0.5
α
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0.5
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2
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 + pk
  
D
  2
 - A
  2
0.05 0.1 0.15 0.2 0.25 0.3
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∆
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slope = 27.3
s=1, ∆=0.025
K=0, ε=0
α
c
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(b)
Figure 7 (a) Average displacement coefficients f k (cir-
cles) and pk (triangles) for three coupling strengthes α =
0.05, 0.316 and 0.45, corresponding to the delocalized phase,
transition point, and localized phase, respectively. Solid lines
represent the summations of f k and pk , and dashed lines
stand for the classical displacements λk/ωk . (b) The average
displacements function f k +pk and average weights function
D
2− A2 for the 0-th bath mode. Inset shows the effective en-
ergy scale χ estimated from Eq. (6) and the renormalized tun-
neling ∆r in the delocalized phase. The dashed line indicates
an exponential fit.
condition imposed in Silbey-Harris ansatz [52]. Focus-
ing on the 0-th bath mode, we demonstrate f k + pk and
D
2− A2 as a function of α in Fig. 7(b). The critical point
αc = 0.316(8) is again determined, the same as that ob-
tained in Fig. 4.
For further comparison, the classical displacement
±λk/ωk estimated by the minimum of the static spin-
dependent potential is also plotted in Fig. 7(a) with
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dashed lines. Distinguishable difference between the av-
erage displacement and classical one is found in the delo-
calized phase, but vanishes at the transition point and in
the localized phase, in agreement with the general expec-
tation [38]. Furthermore, an optimal displacement for-
mula is proposed
| fk | = |pk | =
λk
ωk +χ
, (6)
where χ denotes an effective energy scale. Fitting our
data to the above equation, χ is obtained as a function
of α, as presented in the inset of Fig. 7(b) with a slope
of 27.3(3) for the exponential decay. For comparison, the
renormalized tunneling ∆r is also plotted at α < αc . It
is nearly parallel to χ, supporting the usual assumption
χ∝∆r [27,42].
3.3 Phase diagram
Subsequently, we perform comprehensive NVM simula-
tions to identify the influence of the tunneling constant
∆, the bias field ǫ, and the Ising coupling strength K
on the ground-state phase transition. The correlation be-
tween two bases 〈B↑↑|B↓↓〉 is plotted in Fig. 8(a) for vari-
ous values of∆, and the transition points are determined.
In a weak tunneling case of ∆ = 0.01, an exponential
decay is found in the delocalized phase with a slope of
26.4(3), compatible with that of ∆ = 0.025 presented in
Fig. 4. As∆ increases, 〈B↑↑|B↓↓〉 is found in the delocalized
phase to deviate substantially from the exponential de-
cay. However, data from different values of ∆ all collapse
onto a single curve in the localized phase, where the tun-
neling amplitude seems to be irrelevant.
In Fig. 8(b), the behavior of the magnetization 〈σz〉 is
studied under bias values ε = 1×10−5,1×10−6,1×10−7,
and 1×10−10. Other parameters ∆= 0.1, s = 1, and ωc = 1
are set. With increasing ε, the abrupt jump in 〈σz〉 oc-
curring at the transition point is progressively replaced
by a smooth behavior. Interestingly, the position where
the magnetization falls to 〈σz〉 = −1 is almost the same,
since all the bias values presented here are smaller than
the renormalized tunneling strength ∆r ≈ 1.9× 10−5 at
αc = 0.33. For stronger bias or weaker tunneling, how-
ever, there is a suppression of the α bracket with |〈σz〉|
smaller than unity. An example is the case of ∆ = 0.01
in Fig. 8(b) wherein ε = 1× 10−5 is larger than ∆r(αc) ≈
2.5× 10−6. Dashed lines provide good fits to the numer-
ical data with the form y = a/
[
a+exp(bx)
]
− 1, yield-
ing b = 52.1(5) and 45.8(6) for ∆ = 0.01 and 0.1, respec-
tively. Inset shows the Kondo energy T ∗ estimated from
the magnetization 〈σz〉 in the biased cases [16]. The lin-
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α
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α
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ε=10-5
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Figure 8 (a) The correlation between two bases 〈B↑↑|B↓↓〉 for
different tunneling constants ∆= 0.01, 0.025, 0.05, 0.1, and
0.2 at ε = K = 0, s = 1, and ωc = 1. The dashed line shows
an exponential fit. (b) The magnetization 〈σz〉 as a function
of α for different values of the bias ε = 10−5, 10−6, 10−7,
and 10−10 at ε = K = 0, s = 1, and ∆ = 0.1. In addition, the
case of ∆ = 0.01 is shown with circles, and exponential-like
fits are presented with dashed lines. The scaling behavior of
the crossover scale T ∗ is shown in the inset.
ear behaviors of the curves imply an exponential scaling
ln(T ∗/ε)∝ 1/(αc −α) in the delocalized phase for the KT
transition.
We then demonstrate the phase diagram of the two-
impurity model with Ohmic dissipation in Fig. 9, in
comparison with QMC and NRG results estimated from
Res. [36,39]. In the inset, the transition boundary of NVM
shows weak ∆-dependent behavior, and locates at αc ≈
0.31+O (∆/ωc), much greater than αc ≈ 0.22 and 0.18 in
the presence of∆= 0.025 for QMC andNRG, respectively,
which could not be ruled out by numerical errors. The un-
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Figure 9 Phase diagram of the Ohmic two-impurity SBM in
the plane of the dissipation α and spin-spin coupling strength
K . The dashed line represents the renormalized coupling
Kr = K − 4αωsc/s = 0. In the inset, transition boundary αc
obtained from NVM is plotted as a function of the tunneling
amplitude ∆, in comparison with those of QMC and NRG in
Refs. [36, 39].
derestimation of the transition point in NRG and QMC
results may be due to a lack of the convergence toward
the continuum, the influence of an imposed bias, and the
trapping in the metastable state. Besides, the phase dia-
gram in the α-ε plane is also investigated (not shown),
which exhibits the same qualitative features as that in the
α-∆ plane when the bias is small.
The contribution of the spin-spin coupling K to the
quantum transition is also presented in Fig. 9. For fer-
romagnetic case (K < 0), the phase boundary depends
on K very weakly, while for the antiferromagnetic one
(K > 0), αc increases rapidly with K following the asymp-
totic line ofαc = 0.25K , a result consistentwith that given
by the vanishing renormalized Ising coupling, Kr = K −
4αωsc/s = 0, as marked by the dashed line in Fig. 9 [36,41].
The NRG and NVM results for K ≥ 1.5 concur within the
error bars, but the two differ in the ferromagnetic regime
where the critical coupling αc is found to be 0.31(1) for
NVM and 0.17(1) for NRG. It follows that that metastable
states seem to be suppressed at a large K , and the phase
transition is governed by the interplay between the spin-
spin coupling and environment dissipation.
Furthermore, we focus on the ground-state proper-
ties of the two-impurity model at strong antiferromag-
netic coupling, taking K = 3.0 as an example. The discon-
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Figure 10 Ground-state properties including Eg, 〈σz〉, ∆r/∆,
〈B↑↑|B↓↓〉, and CorX are presented as a function of α for the
antiferromagnetic case with K = 3.0. The dashed lines in (a)
are guides to the eye for linear fits.
tinuity in the magnetization 〈σz〉 is shown in Fig. 10(a),
similar with that in Fig. 1(b). However, two different
slopes of Eg from linear fittings, i.e., 0.00 and 2.00, indi-
cate that the derivative of the free energy with respect
to α, ∂Eg/∂α, is discontinuous at the transition point,
suggesting that the transition is of first order, instead of
the Kosterlitz-Thouless type. In Fig. 10(b), both the cor-
relation between two bases 〈B↑↑|B↓↓〉 and the correlation
function CorX are symmetric about the transition point.
This points to the same properties of the Ohmic bath in
the delocalized and the localized phase, therefore lend-
ing further support to the first-order transition. While
∆r /∆ vanishes again in the localized phase. For weak an-
tiferromagnetic coupling, such as K = 0.5 or 1.0, the criti-
cal couplings are much greater than the α value at which
the slope of Eg curve is changed abruptly, suggesting that
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the transition is impossible to be of first order. Further
studies show that it still belongs to Kosterlitz-Thouless
universality class.
Let us turn to the influence of the spin-spin cou-
pling. In the antiferromagnetic regime (K > 0), the ab-
sence of the Kosterlitz-Thouless transition is triggered
by the emergence of the antiparallel spin configuration
〈σz1σz2〉 ≈ −1 in the delocalized phase. The dominant
spin-spin coupling term Kσz1σ
z
2/4 then leads to an α-
independent ground-state energy of Eg ≈ −K /4 and
the vanishing of the quantum correlation between bath
modes, quite different from the situation at K = 0. In the
localized phase, however, one obtains the parallel state
with 〈σz1σz2〉 ≈ 1 instead.
Hence, the energy shift induced by the spin-spin cou-
pling term is δ1 = K /4 − (−K /4) = K /2 after the spin-
bath coupling strength crosses αc . Substituting the clas-
sical displacement coefficients fk ≈ λk/ωk , the envi-
ronmental dissipation term can be simplified as (σz1 +
σz2)
∫
J(ω)dω/ω∝ α(σz1 +σz2). According to the jump in
the magnetization from 〈σz〉 = 0 to −1 at αc as presented
in Fig. 10(a), and the relation σz1 = σ2z = σz , the energy
shift is calculated as δ2 = −2α, which should be equal to
−δ1 since the ground-state energy Eg and the spin coher-
ence 〈σ〉 are continuous at the transition point. Thus, the
transition point αc = K /4 is estimated, consistent with
our numerical results in Fig. 9 for a large antiferromag-
netic coupling strength K . Moreover, the ground-state
energy is predicted to be Eg ≈ −2α+K /4 in the local-
ized phase and −K /4 in the delocalized phase, in excel-
lent agreement with that in Fig. 10(a). The transition is
then inferred to be of first order according to the size of
discontinuity in the derivative of the ground-state energy
and the few-body nature induced by the independence
of bath modes in the two phases. In contrast, the tran-
sition is of the Kosterlitz-Thouless type in the ferromag-
netic regime (K < 0), and both the transition point and
the critical exponents are almost the same as those in the
absence of spin-spin coupling.
4 Discussion and conclusions
As demonstrated by the NVM results in Figs. 1-7, we have
accurately determined the transition point αc = 0.316(8)
for the two-impurity Ohmic SBM with a tunneling con-
stant of ∆ = 0.025 in the absence of spin-spin coupling
and the bias. Our result is closely supported by the ED
result of αc ≈ 0.26, but is clearly much greater than the
NRG result of αc ≈ 0.18 [36]. The NRG deviation is likely
caused by the minute bias field 10−8ωc imposed on the
NRG calculations. As a consequence, the jump in the
magnetization is now replaced by the smooth decay to-
wards 〈σz〉 = −1 as α is increased to αc [cf. Fig. 8(b)].
It follows that in such a situation the transition point
should be located by the emergence of |〈σz〉| = 1 in-
stead of a nonzero |〈σz〉|. With this criterion, αc ≈ 0.3
can be obtained according to the NRG results in Fig. 4
of Ref. [36], in good agreement with our NVM result
here. Similarly, the underestimated result of αc = 0.125
reported in Ref. [41] can also be attributed to a bias of
10−5ωc . Considering the notorious difficulty associated
with numerical studies of the Kosterlitz-Thouless transi-
tion thanking to the existence of numerous metastalbe
states in the vicinity of the ground state, the results of
αc = 0.22 and 0.16 from QMC and quantum dynamics
simulations in Refs. [39, 40], respectively, may be unreli-
able, let alone that ofαc = 0.5 obtained by the variational
treatment based on Silbey-Harris ansatz and simple ap-
proximations [38].
In addition, the quantumcriticality of theOhmic bath
has also been investigated. Forα≤αc , perfect power-law
behaviors of the correlation function CorX and the coor-
dinate variance function of 2∆Xb−1 with respect to the
frequency ωk have been revealed, as shown in Figs. 5(a)
and 6(a), pointing to a divergent correlation length both
in the delocalized phase and at the critical point. Simi-
larity can be drawn with the classical two-dimensional
XYmodel in which the low-temperature phase exhibiting
quasi-long-range order is characterized by a power-law
behavior of the spin-spin correlations decaying with the
distance [53]. Analogous to the universal jump of the su-
perfluid density in the XY model [54], abrupt changes at
the critical coupling take place in themagnetization 〈σz〉,
correlation function CorX between the two bath modes
at l = 0 and k = 1, and departure from the uncertainty
relation of ∆Xb∆Pb = 1/4 for the 0-th bath mode. Com-
bining with the continuous character in derivatives of Eg
of any order, it can be concluded that the quantumphase
transition of the two-impurityOhmic SBMbelongs to the
Kosterlitz-Thouless universality class, similar to that of
the two-dimensional XY model.
In summary, the ground-state phase transitions in the
two-impurity SBM coupled to a common Ohmic bath
have been studied comprehensively by variational calcu-
lations using the multi-D1 ansatz. With more than ten
thousand variational parameters, the ground-state en-
ergy Eg, spin magnetization 〈σz〉, and spin coherence
〈σx〉 as well as observables related to the Ohmic bath
have been investigated, and the NVM results with the lin-
ear discretization show superior accuracy, in comparison
with logarithmic-grid results fromEDand variational cal-
culations. A critical coupling strength of αc ≈ 0.31(1) is
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determined in the weak tunneling limit, which is com-
parable to the ED result αc ≈ 0.26, but very different
from results previously obtained by NRG (0.18), QMC
(0.22), and other numerical studies (0.5,0.16, and 0.125)
[36, 38–41]. The underestimation of the transition point
may be caused by the incorrect criteria of the transition
point in the biased case, the lack of the convergence to
the continuum, and the existence of the meatstsatble
states. In the ferromagnetic coupling regime K < 0 and
in the absence of spin-spin coupling (K = 0), the transi-
tions are found to belong to the Kosterlitz-Thouless uni-
versality class. In the antiferromagnetic regime (K > 0),
however, the transition is inferred to be of first order. Fur-
thermore, we have also examined the influences of the
tunneling constant∆ and the bias field ε, and have estab-
lished the phase diagram.
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